Supermassive stars (SMSs) with mass ∼ 10 5 M are promising candidates for the origin of supermassive black holes observed at redshift 6. They are supposed to form as a result of rapid accretion of primordial gas, although it can be obstructed by the time variation caused by circum-stellar disc fragmentation due to gravitational instability. To assess the occurrence of fragmentation, we study the structure of marginally gravitationally unstable accretion discs, by using a steady one-dimensional thin disc model with detailed treatment of chemical and thermal processes. Motivated by two SMS formation scenarios, i.e., those with strong ultraviolet radiation background or with large velocity difference between the baryon and the dark matter, we consider two types of flows, i.e., atomic and molecular flows, respectively, for a wide range of the central stellar mass 10 − 10 5 M and the accretion rate 10 −3 − 1 M yr −1 . In the case of a mostly atomic gas flowing to the disc outer boundary, the fragmentation condition is expressed as the accretion rate being higher than the critical value of 10 −1 M yr −1 regardless of the central stellar mass. On the other hand, in the case of molecular flows, there is a critical disc radius outside of which the disc becomes unstable. Those conditions appears to be marginally satisfied according to numerical simulations, suggesting that disc fragmentation can be common during SMS formation.
INTRODUCTION
Discoveries of dozens of quasars at high redshift z 6.5 demonstrate the very existence of supermassive black holes (SMBHs) as massive as ∼ 10 9 M in less than a billion years after the Big Bang (e.g., Venemans et al. 2013; Matsuoka et al. 2018 ; see also Gallerani et al. 2017 for a review), including the most distant one with 8 × 10 8 M at redshift z = 7.5 (Bañados et al. 2018) . Although the origin of those BHs is still a mystery, short available time for their growth seems to favor massive seed BHs (see, e.g., Volonteri 2012; Haiman 2013 for a review).
Remnant BHs of Population III stars with ∼ 10 2 M are one of the candidates for such seeds (e.g., Madau & Rees 2001) . They can grow SMBHs in the available time if either with continuous accretion at the Eddington limit or with short episode of super-Eddington growth. In reality, E-mail: r.matsukoba@astr.tohoku.ac.jp however, the BH's growth can easily be hindered by its own radiative feedback (Milosavljević et al. 2009; Park & Ricotti 2011; Sugimura et al. 2018; Orofino et al. 2018 ). An alternative and attractive pathway for seed BH formation is via the so-called direct collapse (e.g., Bromm & Loeb 2003) , where a supermassive star (SMS) with ∼ 10 5 M collapses into a BH with a similar mass by general relativistic instability (Umeda et al. 2016; Woods et al. 2017; Haemmerlé et al. 2018) . Here, SMSs are supposed to form from a primordial gas in some peculiar sites. Unlike in ordinary first star formation, which is driven by H 2 cooling (see, e.g., Bromm & Larson 2004 ; Glover 2013 for a review), H 2 is dissociated by strong external far-ultraviolet (UV) radiation from nearby galaxies and the contraction of clouds is solely caused by H atomic cooling in the most intensively studied channel for SMS formation (Omukai 2001; Omukai et al. 2008; Shang et al. 2010; Regan et al. 2014; Sugimura et al. 2014) . Such clouds contract almost isothermally at ∼ 10 4 K without experiencing vigorous fragmentation. The protostar formed at the centre subsequently accretes the gas at a high rate of 10 −1 M yr −1 due to high temperature (Latif et al. 2013; Becerra et al. 2015; Chon et al. 2018) . Such rapidly accreting protostar inflates greatly in radius with effective temperature of several 1000 K and grows supermassive with 10 5 M avoiding ionization radiation feedback on the accretion flow (Hosokawa et al. 2012 (Hosokawa et al. , 2013 , before collapsing by general relativistic instability.
In addition to the above scenario for SMS formation, Hirano et al. (2017) recently proposed another channel where the suppression of H 2 cooling is not always required. They considered a pristine cloud in a halo with 3σ higher than the average velocity difference between the dark matter and the baryon generated before the recombination epoch at z 1100 (Tseliakhovich & Hirata 2010; Fialkov et al. 2012; Schauer et al. 2017) . As a result of enhanced effective Jeans mass by such streaming motions, the formed protostar in the halo accretes a gas with a high rate of ∼ 10 −1 M yr −1 . The star eventually grows to 4 × 10 4 M in their calculation.
Protostellar ionization feedback is suppressed as long as the accretion rate higher than 10 −1 M yr −1 is maintained (Hosokawa et al. 2012 (Hosokawa et al. , 2013 . Once the accretion rate falls below this value for sometime, however, the radiation feedback may become significant and eventually terminate the stellar growth. Adopting a simple sporadic accretion history with repeating burst and quiescent phases, Sakurai et al. (2015) showed that the protostar contracts to the main sequence and ionization feedback becomes active if the quiescent phase exceeds ∼ 10 3 yrs. Such time variations would be caused by clump formation in the circum-(proto)stellar disc, which is formed due to the finite angular momentum of the cloud. In fact, numerical simulations of SMS formation (Chon et al. 2018; Hirano et al. 2017) found a sign of disc fragmentation by gravitational instability and resulting accretion variation although their spatial resolution and chemical/thermal modeling are not good enough to draw definitive conclusions. Inayoshi & Haiman (2014) and Latif & Schleicher (2015) studied the gravitational stability of circum-stellar discs in the process of SMS formation by way of the steady thin disc model (Shakura & Sunyaev 1973) , and claimed that the disc becomes unstable and fragmentation occurs for a disc accreting at the typical rate of 10 −1 M yr −1 . In their calculation, however, simplified treatment of thermal modeling is adopted without solving detailed chemical reactions: Latif & Schleicher (2015) assumed that the accretion flow is composed of H 2 at the outer boundary and becomes atomic H once the temperature exceeds 4000 K, while Inayoshi & Haiman (2014) assumed that the gas is always in the atomic state and the temperature is determined by the balance between the viscous heating and the H − free-bound emission cooling. Their conclusion needs to be justified by more detailed modeling.
In this paper, we construct models for one-dimensional steady accretion discs by solving non-equilibrium chemical and thermal evolution and investigate their gravitational stability. While the works by Inayoshi & Haiman (2014) and Latif & Schleicher (2015) are limited to a typical accretion rate of 10 −1 M yr −1 , here we also study the cases with different values of the accretion rate and central stellar mass.
The paper is organized as follows. We describe our disc model and stability criterion in Section 2. We then present the obtained disc structures and the result for the stability analysis in Section 3. Discussion and conclusion are given in Section 4. Appendices are for the details of radiative and chemical processes.
MODEL

Basic Framework
We construct the one-dimensional axisymmetric and steady model for an accretion disc feeding the central star under a given central stellar mass and accretion rate. The disc is assumed to rotate at the Keplerian angular velocity
where r, G and M * are the radius, the gravitational constant and the central stellar mass, respectively. We assume the disc is marginally gravitationally unstable and the angular momentum is transported by the spiral arms. Thermal and chemical evolution in the flow is calculated as in Sections 2.2 and 2.3. We describe the angular momentum transport by the α-viscosity prescription (Shakura & Sunyaev 1973) and judge disc fragmentation from the required value of α-parameter (see Section 2.4). For a marginally unstable disc, Toomre's Q-value (Toomre 1964) is
where c s is the sound velocity and Σ is the surface density, as a result of the angular momentum transfer by the spiral arms (Vorobyov & Basu 2007; Tsukamoto et al. 2015) . Another possible mechanism of the angular momentum transfer is via the turbulent viscosity. According to the results shown in Section 3, however, the actual α-value required is always larger than the typical value for the turbulent viscosity (α ∼ 10 −2 for magnetorotational instability; e.g., Bai & Stone 2013) . This means that the turbulent viscosity alone cannot maintain the disc in a gravitationally stable state and the disc eventually settles in a marginally unstable state where the angular momentum is transferred due to the spiral arms. From the condition Q = 1, the surface density is obtained as
The sound velocity is
where γ is the specific heat ratio, k B is the Boltzmann constant, T is the gas temperature, µ is the mean molecular weight and m H is the mass of a hydrogen nucleus. The gas mass density is given by
where the scale height H characterizing the thickness of the disc is estimated from vertical hydrostatic balance:
The radial velocity is related to the mass accretion rate M as:
Thermal Evolution
We calculate the time evolution of internal energy e in (per unit mass) in the flow by solving the energy equation,
where p is the pressure, Γ is the heating rate per unit mass and Λ is the cooling rate per unit mass. The internal energy and the temperature are related as
The pressure is given by the ideal-gas equation of state,
We consider viscous heating, continuum cooling, H 2 molecular and Li atomic line cooling and chemical cooling as the heating and cooling processes.
The viscous heating rate per unit mass is
where ν is the kinematic viscosity. For consistency with the assumption that the disc is steady and rotating at the Keplerian velocity, the kinematic viscosity must satisfy the relation
from the angular momentum conservation. In our model, the kinematic viscosity is determined so that the surface density satisfies Equation (3) for a given accretion rate. The continuum radiation processes considered are H free-bound emission, H − free-bound emission, H − free-free emission, H free-free emission, H 2 -H 2 collision induced emission (CIE) and H 2 -He CIE (reverse processes of 1-6 in Table A1 ). The continuum cooling rate in optically thin regime Λ cont,thin is given by sum of Equation (A3) in Appendix A1 over all the processes. Smoothly connecting the optically thin and thick limits, the continuum cooing rate in both regimes is given as (Tanaka & Omukai 2014)
where τ P(or R) is the Planck (Rosseland) mean optical depth, given by
with the Planck (Rosseland, respectively) mean opacity κ P(R) calculated as in Appendix A2. The H 2 -line cooling rate is given by multiplying the value in the optically thin regime Λ H 2 ,thin with the line-averaged escape probability β esc :
where τ = √ τ P τ R is the effective optical depth for continuum radiation. We use fitting functions for β esc from Fukushima et al. (2018) 
The chemical cooling rate is
where χ H = 13.6 eV and χ H 2 = 4.48 eV are the binding energies. The chemical fraction of species i, y(i), is defined by the number fraction relative to hydrogen nuclei:
where n(i) and n H are the number densities of species i and hydrogen nuclei, respectively. The latter is related to the mass density of the gas ρ as
where y He = 8.333 × 10 −2 the number fraction of He relative to hydrogen nuclei. We do not include radiative heating by the central star in our calculation. We estimated it under the assumption of optically-thin irradiation at the disc midplane and found it is generally lower than the viscous heating rate even at the Eddington luminosity because the coupling between the stellar radiation and disc is very inefficient due to the geometrical dilution of radiation (∝ r −2 ) and transparency of the disc (typically τ ∼ 10 −3 -10 −4 in the case of atomic flow and ∼ 10 −6 -10 −10 in the case of molecular flow at 1000 au, where the discs tend to be most gravitationally unstable; see Figs. 1c and 3c) . The radiative heating does not change the disc structure except in the outer regions in the case of low accretion rate 10 −2 M yr −1 . In this case, the stellar radiation heating can be comparable to the viscous heating and raises the temperature to ∼1000 K. Although this somewhat stabilizes this part of the disc, the disc remains unstable (see Section 2.4) as in the case without stellar radiation. We thus expect that the effect of stellar radiation heating does not change our conclusion on disc fragmentation.
Chemical Reactions
We take into account the 20 chemical reactions 1 among the following five H-bearing species, H, H 2 , H + , H − and e, summarized in Table C1 (see Appendix C for details). All the reactions are paired with their reverse reactions. We solve non-equilibrium kinetic equations for H, H 2 , H + and e, while H − fraction is calculated from the equilibrium between the forward and reverse reactions of reactions 2, 6 and 10 in Table C1 . We assume He to be all neutral with fractional abundance y He = 8.333 × 10 −2 as our temperature range is limited below 10 4 K. We also assume that Li remains neutral with y Li = 4.15 × 10 −10 (Mayer & Duschl 2005) since they are still dominantly atomic in the calculated range and the small amount of Li ions does not affect thermal evolution at all. H 2 photodissociation and H − photodetachment by external radiation are not included. Because the number density is larger than 10 8 cm −3 in our calculation range and the shielding of far-UV radiation is effective due to the large column density, the collisional dissociation works more efficiently than the dissociation due to external far-UV radiation. The effect of H − photodetachment is also negligible because H 2 formation via the three body reaction is more effective than the H − channel at such high densities as considered in this work.
Fragmentation Condition
We judge whether the disc fragments or not from the viscosity parameter
where we have used Equations (3) and (12) for the last expression. We here adopt α > 1 as the fragmentation condition following the results of Zhu et al. (2012), who claimed that discs fragment when the α-value corresponding to the angular momentum transfer by gravitational torque exceeds unity from two-dimensional numerical simulations of protoplanetary discs. In other words, there is an upper limit on the angular momentum transported by the spiral arms and if more matter is accumulated than the disc can extract its angular momentum, the disc will fragment. In contrast, if α < 1 throughout, the disc remains stable and the angular momentum is transported by the gravitational torque.
Model setup
We study cases with a range of the central stellar mass 10 M ≤ M * ≤ 10 5 M and the accretion rate 10 −3 M yr −1 ≤ M ≤ 1 M yr −1 . The disc structures at different central stellar masses can be regarded as temporal evolution around a growing SMS. Recall that the typical accretion rate is 10 −1 M yr −1 for SMS formation and 10 −3 M yr −1 for ordinary first star formation, respectively. The calculated range of accretion rate encompasses these values. We set the outer boundary of the disc at 1000 au and assigning the temperature and chemical fractions there. We evaluate the surface density by Equation (3) using the temperature and the central stellar mass, and calculate the radial velocity using Equation (7). Equation (12) gives the kinematic viscosity that is required to maintain such a disc structure. We then calculate the heating, cooling and chemical reaction rate, and update the temperature and the chemical fractions along the inflow. We continue the radial integration until the temperature exceeds 10 4 K, above which α < 0.4 for M < 1 M yr −1 (Equation 20 ) and thus the disc is always stable.
We consider two different conditions in the flow at outer boundary: the atomic flow with temperature T = 3000 K, molecular fraction y(H 2 ) = 10 −8 , and ionization degree y(H + ) = 10 −6 and the molecular flow with T = 1000 K, y(H 2 ) = 0.495, and y(H + ) = 10 −10 . Since H − fraction is much lower than those of other species, the H and e fractions are calculated by y(H) = 1 − 2y(H 2 ) − y(H + ) and y(H + ) = y(e), respectively, at the outer boundary. The atomic flow corresponds to an SMS forming in an atomically cooling cloud as a result of H 2 photodissociation by external radiation, while the molecular one to that forming in an H 2 cloud due, e.g., to baryonic streaming motions. For the former, we take the temperature and ionization degree from Omukai (2001) for the far-UV-irradiated cloud at number density n H = 10 10 cm −3 with the far-UV intensity J 21 = 10 5 (in unit of 10 −21 erg s −1 Hz −1 str −1 cm −2 ) and for the latter we take the self-regulated disc model from Schleicher et al. (2016) at number density n H = 10 10 cm −3 .
RESULT
We present the disc structures and examine their gravitational stability for atomic flows in Section 3.1 and for molecular flows in Section 3.2, respectively.
Atomic Accretion Flows
Disc Structures
The disc structures for atomic flows accreting at M = 10 −1 M yr −1 are shown in Fig. 1 for the central stellar mass of M * = 10, 10 2 , 10 3 , 10 4 and 10 5 M . In all cases, the temperature first jumps up to around 4000 K at which the cooling and heating rates balances at the outer boundary at 1000 au, and then gradually decreases as the gas flows inward (Fig. 1a) . When the optical depth exceeds unity, the radiative cooling becomes ineffective and the temperature suddenly rises to > 10 4 K (Figs. 1a and c) . Just before the optical depth reaches unity, the temperature takes its minimum at 3000 K, which does not depend on the central stellar mass. The density depends on the radius as n H ∝ r −3 (Fig. 1b) , as can be derived analytically from Equations (1), (3), (5) and (6).
To understand the temperature evolution in Fig. 1a , we show in Fig. 2 the radial distribution of the chemical fractions (Fig. 2a) and the heating and the cooling rates (Fig. 2b) for the case with M * = 10 2 M and M = 10 −1 M yr −1 (corresponding to the blue lines in Fig. 1) . Dominant chemical species is atomic H from 1000 au to 10 au, where the ionization starts and the temperature increases (Fig. 2a) , and dominant heating and cooling processes are the viscous heating and the H − free-bound emission cooling, respectively, and the temperature is determined by their balance (Fig. 2b) . This is also true for all the cases shown in Fig. 1 . Note that the contribution of lithium line cooling is always negligible although Mayer & Duschl (2005) insisted lithium cooling can be important, if it is at LTE value, at the relevant density and temperature ranges (see their Fig. 4 ). This is because the actual rate is far smaller than the LTE rate as the electron number density is generally several orders of magnitude below the critical density, even with the photon trapping effect. In the inner region, , solid and dashed lines correspond to heating and cooling rates, respectively. The colours represent the viscous heating (red), compressional heating (orange), the H − free-bound emission cooling (blue), the H 2 CIE cooling (purple), the H 2 line emission cooling (green), the Li line emission cooling (magenta) and the chemical cooling and heating (cyan). Cooling rates by other processes, i.e., H free-free emission, H − free-free emission and H free-bound emission are much smaller and not shown in the figure. although the electron density increases, the continuum optical depth exceeds unity before reaching the critical density and the cooling rate decreases exponentially thereafter. The minimum temperature is set by the balance between the viscous heating (from Equations 6, 5 and 12),
and the cooling rate by H − free-bound emission (from Equations 13 and A3)
where f H − fb (T) is a function of temperature (see Equation A3) and we have assumed that mostly atomic gas of Figure 5 . The maximum value of viscous parameter α in the disc as a function on the accretion rate for the atomic flows. Here, we plot the result for M * = 10 2 M , but those with other stellar masses are almost the same and the lines overlap each other.
In the gray region, the maximum α value is larger than unity, implying that a part of the disc is gravitationally unstable.
y(H) ∼ 1 (Fig. 2a) with small ionization degree given by the equilibrium value
due to high enough density (∼ 10 16 cm −3 ) at the temperature minimum (Fig. 1a and b) , where the equilibrium constant K(T) is again a function only of temperature (see Appendix C). We use the optically thin rate as the optical depth is still small at this epoch (Fig. 1c) . Equating Equations (21) and (22), we obtain
which implicitly gives the temperature T as a function of M. For example, for M = 10 −1 M yr −1 , the equilibrium temperature is T =3100 K, consistent with that in Fig. 1a . The slight outward temperature increase in Fig. 1 is due to the smaller actual cooling rate than that by Equation (22) as a result of smaller electron fraction than the equilibrium value used above. It should be noted that the minimum temperature in the disc given as a solution of Equation (24) depends only on the accretion rate and not on the central stellar mass, as seen in Fig. 1a .
Next we study the dependence on the accretion rate. The disc structures for the central stellar mass M * = 10 2 M are shown in Fig. 3 for four different accretion rates M = 10 −3 , 10 −2 , 10 −1 and 1 M yr −1 . The temperature profiles in the high accretion rate cases of 10 −1 and 1 M yr −1 behave in a similar way as seen before in Fig. 1 : the gradual inward decrease from 4000 K to 3000 K followed by the sudden jump when the disc becomes optically thick. At lower accretion rates, i.e., 10 −3 and 10 −2 M yr −1 , however, the temperature experiences a steep drop to 1000-2000K at some radius before eventually jumping up to > 10 4 K. This is a result of H 2 formation and its CIE cooling. For illustration, we show the radial distribution of the chemical fractions (Fig. 4a) , and the heating and cooling rates (Fig. 4b) for the case of M = 10 −2 M yr −1 (green lines in Fig. 3 ). At radii outer than 9 au, the gases are mostly atomic and the temperatures are set by the balance between the viscous heating and the cooling by the H − free-bound emission. Once the temperature becomes as low as 3000 K, transition to the molecular phase occurs, accompanied with a sudden temperature drop to 2000K due to the resultant H 2 CIE cooling. The transition radius moves outward to 100 au in the case of M = 10 −3 M yr −1 due to lower viscous heating and temperature. Note that this molecular transition in the disc has not been recognized before (Inayoshi & Haiman 2014; Latif & Schleicher 2015) and only becomes able to be followed by our detailed thermal and chemical modeling. Similar dependence of disc structures on the accretion rate is also observed for other central stellar masses.
Gravitational Instability of Discs
We now examine the disc instability for the atomic inflow using the α parameters. The radial distributions of the α-value are shown for different stellar masses but with the same accretion rate of M = 10 −1 M yr −1 in Fig. 1d , while those for the same mass M * = 10 2 M but with four different accretion rates are shown in Fig. 3d . Since α ∝ M/T 3/2 (Equation 20) for constant µ, the radial variation of α follows that of the temperature but in a upside-down way. As seen in Fig. 3d , α tends to have higher value for higher accretion rate. With high accretion rate of M ≥ 10 −1 M yr −1 , α is almost constant radially in the optically thin part of the disc, while with lower rate M ≤ 10 −2 M yr −1 , the maximum value of α is reached at the the temperature minimum by the runaway H 2 formation.
As seen in Section 3.1.1, the minimum temperature depends only on the accretion rate and not on the central stellar mass, so does the maximum value of α, α max (see Fig. 1d ). Fig. 5 shows α max as a function of the accretion rate. There are two branches where α max ∝ M below and above M = 2 × 10 −2 M yr −1 , which correspond, respectively, to the case where α max is attained in the H 2 phase (as shown in Fig. 4 ) and the case where the gas always remains atomic in the optically thin part (Fig. 2) . Here we adopt α > 1 as the condition for disc fragmentation (Section 2.4). As seen in Fig. 5 , this occurs for M > ∼ 10 −1 M yr −1 . This critical accretion rate for disc fragmentation can be obtained by substituting α = 1 and the sound velocity for neutral gas with the minimum temperature of 3000 K (Fig. 1a) into Equation (20):
Since the typical accretion rate for SMSs formation falls on around this critical value, whether fragmentation actually occurs or not would depend on detailed dynamics of collapse and accretion (see Section 4).
Molecular Accretion Flows
Disc Structures
The disc structure for a molecular flow is shown in Fig. 6 in the case with accretion rate M = 10 −1 M yr −1 for different central stellar masses M * = 10, 10 2 , 10 3 , 10 4 and 10 5 M . Soon after the beginning of calculation, the temperature near the outer boundary quickly converses to the thermal equilibrium value, which is higher for the higher accretion rate (Fig. 6a) . In the highest mass case of M * = 10 5 M , this temperature reaches ∼ 3000 K and the gas becomes atomic immediately as a result of collisional H 2 dissociation. At lower stellar masses M * ≤ 10 4 M , the initial temperature at the outer boundary is lower than ∼ 2000 K but increases as the gas flows inward, first gradually up to ∼ 2000 K and then suddenly to ∼ 3000 K. As an example, for the case of M * = 10 2 M (blue lines in Fig. 6 ), radial profiles of the chemical fractions (Fig. 7a) and the heating and cooling rates (Fig. 7b) are presented in Fig. 7 . At 100 au, transition from the molecular to atomic phases proceeds due to the H 2 collisional dissociation (Fig. 7a) and simultaneously the dominant cooling process shifts from the H 2 -line emission to the H − free-bound emission (Fig. 7b) , which causes the abrupt temperature increase to 3000 K. After the transition to H, the temperature is set by the balance between the viscous heating and the H − free-bound emission cooling and slightly decreases inward until the disc becomes opti- cally thick, as already seen for the atomic flows (Fig. 1a) . Note that the decrease of H 2 fraction with density here looks more abrupt (Figs. 6a and 7a ) than in the case of collapsing prestellar cores (e.g., Omukai 2001) . This difference can be attributable to smaller chemical cooling rate in our case: the latent heat associated with H 2 dissociation is extracted in a longer timescale for density enhancement, i.e., disc viscous time, than the free-fall timescale of collapsing cores, and thus at a smaller chamical cooling rate. The temperature in the disc increases more easily, resulting in the sudden H 2 dissociation.
Flows with different accretion rates M = 10 −3 , 10 −2 , 10 −1 and 1 M yr −1 are shown in Fig. 8 for the same stellar mass M * = 10 2 M . The dependence of the disc structure on the accretion rate is similar also in the cases with other values of stellar mass. In high accretion-rate cases of 10 −1 and 1 M yr −1 , the disc structures are the same as discussed above in Fig. 6 : the temperature suddenly increases from 2000 K to 3000 K at atomic phase transition, then stays at 3000 K in the optically thin atomic gas and eventually jumps up to > 10 4 K when the disc becomes optically thick. With lower accretion rate of M = 10 −2 M yr −1 , the gas returns to molecular phase again at 10 au and temperature drops to 2000K as seen for the atomic accretion flow with low accretion rates (Fig. 3) . In the case of M = 10 −3 M yr −1 , the temperature variation is more gradual than in the other cases. The chemical fractions and the heating and cooling rates in this case are shown in Fig. 9 . Unlike in higher accretion rate cases, H 2 now survives as the dominant species until the flow reaches the innermost part. The H fraction increases from 70 au. After peaking at 30 au, it then decreases inward as the temperature also decreases (Fig. 8) .
The temperature decrease at < 30 au is caused by the cooling by H 2 CIE (Fig. 9b) . The temperature more inside is set by the thermal balance between this cooling and the viscous heating until the disc becomes optically thick to the H 2 collision-induced absorption.
Disc Fragmentation
Next, we examine the disc fragmentation condition for the molecular accretion flows. The radial distributions of α-value for such flows are presented in Fig. 6d for M = 10 −1 M yr −1 at different stellar masses. The α-value takes its maximum just inside the outer boundary where the temperature is the lowest, except in the case with M * = 10 5 M (see Section 3.2.1 for details). Going inward, the α-value decreases along with the increasing temperature. The H 2 dissociation and resultant temperature jump to 3000 K causes the corresponding drop of α below unity in all the cases. We thus expect that fragmentation, if any, occurs only in the outer H 2 region. The cases for different accretion rates are shown for M * = 10 2 M in Fig. 8d . Again, the maximum α is reached around the outer boundary and its value is almost proportional to the accretion rate (Equation 20) as in the case of atomic flows.
As discussed above, for the molecular flows, the α-value tends to be higher at outer radius, suggesting that if the disc is large enough the α exceeds unity at some radius. We can thus define the critical radius here as the radius where α = 1 is satisfied and plot it in Fig. 10 as a function of the accretion rate for each central stellar mass. If the size of a disc is smaller than this, the disc remains stable. Otherwise, its outer part would become gravitationally unstable and fragment. In all the cases shown in Fig. 10 , the critical radius becomes abruptly small at ∼ 10 −1 M yr −1 because the condition of α < 1 is attained only when the gas ionizes at innermost radius for higher accretion rate. Also, the critical radius increases with the central stellar mass, reflecting that the temperature profiles shift toward outer radius as seen in Fig. 6a . With increasing stellar mass by accretion, the disc at a given radius becomes more stable and only the more outer part can be gravitationally unstable.
SUMMARY AND DISCUSSION
Seed black hole (BH) formation by the direct collapse and its subsequent growth is one viable scenario for the supermassive black hole (SMBH) formation in the early Universe. In this framework, a small protostar is first formed by the gravitational collapse of a cloud, and grows to supermassive star (SMS) by rapid accretion, and finally the SMS collapses by general relativistic instability into a seed BH. In this paper, we have investigated gravitational instability of the discs around rapidly accreting protostars with mass 10 − 10 5 M at rate 10 −3 − 1 M yr −1 by way of the steady α-disc model with detailed treatment of chemical and thermal processes. We have considered two possible compositions of the inflow, i.e., mostly atomic and molecular gases, at the disc outer boundary. We have constructed marginally gravitationally stable disc structure. By comparing the required value of viscosity parameter α to maintain such structure and the possible maximum value of unity, we have judged the gravitational instability of discs.
In the case of atomic flows, we have found the following two types of disc structures depending on the accretion rate. At high rate ( 10 −2 M yr −1 ), the gas composition remains atomic in the optically thin part with temperature of ∼ 3000 K, set by the H − free-bound emission. At lower rate, in contrast, the compositional transition to the H 2 phase occurs at some radius and H 2 collision-induced emission dominates the cooling further inward. In both cases, once the disc becomes optically thick, the temperature jumps up to > 10 4 K and the gas is ionized. The discs are gravitationally unstable if the accretion rate is higher than 10 −1 M yr −1 (Fig. 5) regardless of the central stellar mass.
If the inflow is mainly composed of a molecular gas, the H 2 -line cooling keeps the temperature below 2000 K in outer part of the disc although the temperature gradually increases inward. With the accretion rate higher than 10 −2 M yr −1 , the H 2 dissociation occurs while the disc is still optically thin and the temperature jumps up to 3000K. With a lower rate, the gas remains in the molecular form until it becomes optically thick to the H 2 collision-induced absorption. For a given accretion rate and stellar mass, such disc is always unstable at sufficiently large radius (Fig. 10) . This critical radius is 10 2 − 10 3 au for 10 −1 M yr −1 de-pending on the stellar mass, but decreases abruptly by an order of magnitude with higher accretion rates.
Based on the analysis above, let us briefly discuss the possibility of disc fragmentation during SMS formation in different formation sites, whose main component can be either atomic or molecular. First, for a star forming from the atomic gas, the accretion rate can be estimated as
where c s,col is the effective sound speed in the collapsing cloud including also the effect of turbulence, magnetic field etc., and φ is a factor that reflects the manner of collapse: φ ∼ 10 for dynamically collapsing cores and φ ∼ 1 for quasistatically collapsing cores (Hunter 1977) . According to numerical simulations for the collapse induced by atomic cooling (e.g., , c s,col is ∼ 10 km s −1 , which indicates the occurrence of disc fragmentation largely depends on detailed manner of the collapse. Second, for the molecular-gas case, where SMSs are supposed to form in sites with large streaming velocity between baryon and dark matter, whether the size of the discs is bigger or smaller than the critical one (Fig. 10) matters. In Hirano et al. (2017) 's numerical simulations, disc radii are ∼1000 au in most of the cases, while the accretion rates fluctuate between 10 −1 M yr −1 and 10 −2 M yr −1 . Thus, the discs are larger than the critical radius and expected to fragment before the central stellar mass reaches ∼ 10 4 M (Fig. 10) , which is actually the case as found by Hirano et al. (2017) . If a disc fragments into multiple clumps, the accretion onto the central protostar becomes episodic with repeating bursts accompanying falls of the clumps and intervening quiescent phases. With a quiescent phase longer than the Kelvin-Helmholtz timescale, the protostar contracts to a main-sequence star and starts emitting ionization photons, which can terminate further growth of the central star (Sakurai et al. 2015 (Sakurai et al. , 2016 . For quantitative modeling of the accretion-rate variability, hydrodynamical simulations incorporating with the chemical and thermal networks are awaited.
The outcome of the disc fragmentation studied here might be supermassive binary stars, which can be detectable by future gravitational wave observations (Chon et al. 2018 ). For example, if an equal mass binary system with 10 4 M forms and ends up with the merger of the remnant BHs with the same mass, the emitted gravitational waves would be detectable by Deci-hertz Interferometer Gravitational wave Observatory (DECIGO: Kawamura et al. 2011) and Laser Interferometer Space Antenna (LISA: Amaro-Seoane et al. 2012) up to redshift z ∼ 30 and ∼ 10, respectively.
In this work, we have adopted the critical α-value of unity as the condition for disc fragmentation in light of numerical simulations of protoplanetary discs (Zhu et al. 2012 ). Fragmentation condition is, however, still in dispute (cf., Gammie 2001; Meru & Bate 2012; Rice et al. 2014; Takahashi et al. 2016) . Furthermore, it is not clear whether the condition obtained for protoplanetary discs is applicable to the those around SMSs. If the critical value of α becomes smaller, discs will fragment more easily. In particular, for atomic flows with low accretion rate ( 10 −2 M yr −1 ), the cold inner regions by H 2 cooling (see Figs. 3 and 4) may also become gravitationally unstable if a smaller critical α-value is adopted.
Here the disc structure is obtained under the thin disc approximation. To check this, we calculated the aspect ratio H/r for all the cases considered in this paper and found that in most cases it falls in the range ∼ 10 −1 −10 −2 , justifying this approximation. Owing to the dependence H/r ∝ r 1/2 M −1/2 * , however, the thin disc approximation becomes worse for lower M * and larger r. In fact, the ratio H/r becomes ∼ 1 in our smallest mass case considered M * = 10 M around the outer edge of the disc at ∼ 1000 au. In reality, however, the disc size would be smaller than our adopted value of 1000 au in such an early stage since the disc size increases with time accompanying the accretion of large angular momentum material originally located at the outer part of the parental dense core.
Considering uncertainties above, further studies are needed to conclude whether SMSs actually form or not. We plan to perform hydrodynamics simulations that follow the formation of SMSs from the collapse of cores, where the disc fragmentation and subsequent evolution of fragments supposedly play an important role.
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For continuum emission cooling, we consider the reverse of absorption processes in Table A1 . Here, all the emission processes are in the form either of A + B → C + γ or A + B → C + D + γ, and their emissivities η ν are proportional to the product of n(A) and n(B). More specifically, the emissivity of photons per unit volume via free-bound emission (A + e → B + γ) is given by (Omukai 2001) :
that via free-free emission (A + e → A + e + γ) or
By integrating over frequency, the cooling rate by i-th process in the optically thin regime is
with f i (T) a function only of the temperature. The coefficients f i (T) are calculated by numerically integrating Equations (A1) and (A2) in the range 10 −3 eV < hν < 10 2 eV and the results are fitted for the temperature range 500 K < T < 20000 K except in the case of H − free-free emission (900 K < T < 20000 K in this case) in the form of
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where L 0 is the cooling function in the low-density limit and β esc L LTE is the cooling rate per lithium atom in the LTE case with the photon trapping effect included, which are presented in Table B1 as a function of the temperature T and the column density parameterÑ(Li) = N(Li)/ 2k B T/m Li , where N(Li) is the column density of lithium and m Li is the mass of a lithium atom. The error in this approximation is generally less than one percent and at most several percent in the presented range even in the worst case at high temperatures and the electron number densities.
APPENDIX C: CHEMICAL REACTIONS
Our chemical network consists of reactions 1-10 in Table C1 , including both forward and reverse reactions. The forward (i.e., left to right) reaction coefficients are presented in the table. The reverse reaction coefficient k c for collisional reactions (reactions 1-8 in Table C1 ), A + B C + D, whose forward reaction coefficient is k c , is given from the law of mass action as
with equilibrium constant K(T) = n(C)n(D) n(A)n(B) * calculated by the Saha-Boltzmann equation. The reverse reaction coefficients of radiative reactions (i.e., reactions 9 and 10), which are expressed symbolically as A + B C + γ depend on the radiation field. The radiation intensity J ν in the disc is proportional to the effective optical depth for the contiuum τ = √ τ P τ R and saturates to the black-body value B ν at τ 1. Recalling that the chemical equilibrium is realized for J ν = B ν , the reverse reaction coefficient k r is related to the forward reaction coefficient k r as k r = k r min(τ, 1)/K(T),
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